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Let R be a discrete valuation ring (DVR), with fraction field F, and 
residue field k. Gersten’s conjecture is that the localization sequence for R 
breaks up into short exact sequences 
O- K,+,(R)- Kn+,(F)~ K,(k)--+ 0 (*I 
for all n 3 0. The main cases in which the conjecture is known to be valid 
are the equicharacteristic ase ([7], based on [2]), and the case in which k 
is finite (or, more generally, algebraic over a finite field) [2, lo]. In a 
related vein, Gillet has recently proved that the conjecture is valid for 
K-theory with coefficients in Z/m, so long as m 1 char k [3]. 
In [S] we showed that the sequence above is actually split exact 
whenever R contains a field L such that k is a finite separable extension of 
L, or whenever R is Henselian and k is finite. The main result of this note is 
that the Henselian hypothesis in the latter case is unnecessary: 
THEOREM. The sequence (*) splits whenever k is a finite field. 
ProojI We combine ideas from Gillet’s proof (as mentioned above) with 
the Brauer lifting established in [S]. To wit, let Rh denote the Hen- 
selization of R. (For a discussion of Henselization and Hensel local rings, 
see [6].) The residue field of Rh may be identified with k, so by 
Theorem 4.3 of [8], the canonical map K,,(Rh) + K,,(k) has a section 
s: K,(k) + K,(Rh) (the Brauer lifting). 
Now, we can write Rh =hR’, where R’ ranges over DVRs such that 
there is a local Ctale homomorphism R -+ R’ inducing an isomorphism on 
residue fields. Then KH(Rh) = l&K,,(R’), and since K,(k) is finitely 
generated (finite, of course, for n > 0), s factors through some KJR’). In 
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other words, there is an R’ such that the canonical map K,(R’) -+ K,(k) 
has a section s’: K,(k) -+ K,(R’). 
Let F denote the field of fractions of R’. F’ is finite over F, so there is a 
transfer map NFIF: K,+ , (F) + K, + ,(F). Then, as a consequence of the key 
proposition of Gillet’s proof (which holds in even greater generality than 
required here), there is an element fe K,(F) with the property that, if an 
element c1 E K,,(k) possesses a lifting oi E KJR’), then 13(N,,,(u,(oi) *f)) = ~1. 
(Here u.+ : KJR’) -+ K,,(F) is the canonical map, and * denotes the product 
in K-theory.) But in our case, for each tl we can take oi = s’(cc). Then, since 
the K-theory product is bimultiplicative, the map c( H N,,,,(u,(s’(a)) *,f) is 
a homomorphism, and provides the required section for 8. 1 
Now let R be as in the theorem; let rt be a uniformizing parameter, and 
let t be an indeterminate. Then by making an obvious modification of the 
last part of the proof of Theorem 2.4 of [9], we obtain another splitting 
result: 
COROLLARY. The localization sequence for the DVR R[r],,, breaks up 
into split short exact sequences. 
Remarks. 1. Even for n = 1, the result appears to be new. (Of course, 
for n = 0 it is obvious, and for n = 2 it is trivial.) In this case the proof does 
not require higher K-theory, since the Brauer lifting K,(k) + K,(Rh) is 
simply given by Hensel’s lemma. 
2. For k finite, the theorem above gives a proof of Gersten’s conjec- 
ture completely different from that originally given by Gersten in [2], and 
independent of the machinery developed in [lo]. 
3. As examples of equicharacteristic DVRs for which (*) is split, we 
have any complete DVR, and any DVR essentially of finite type over a 
perfect field k,. In the first case, R z k[[t]]. In the second case, k is 
finitely generated over k,, hence is a finite separable extension of some 
rational function field L over k,; a standard argument then shows that L 
can be lifted to R. Thus in both cases R satisfies the hypothesis of the 
equicharacteristic result mentioned above. 
4. We do not know of any examples of DVRs for which a is not a 
split surjection. (However, see Remark 5.) 
5. Let R be the ring of integers in an algebraic number field F, or the 
ring of S-integers (S some finite set of places) in an algebraic function field 
in one variable over a finite field. Then we have the localization sequence 
‘.‘-K,,+,(R)-K,+,(F)_rl,LTK,,(R/m)----tK,(R)-..., 
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where m ranges over the maximal ideals of R. Now, 8 is known to be sur- 
jective for all n > 0. (For n = 1, this is the BasssMilnor-Serre theorem; for 
n > 1, it is a theorem of Soult [ 11, Theorem 11.) Furthermore, Tate has 
shown that a: K*(Q) + LI, K,(Z/p) is split surjective [S, Theorem 11.61, 
and in [S, Theorem 4.51 it was shown that 8 is always split surjective (for 
any n) whenever F is a rational function field in one variable (over any 
field). In light of these results and the main result of this paper, it is natural 
to ask whether a always has a section. However, the following examples 
show that this is not the case even for n = 1. 
Since K,(R) is known to be a finite group, it will suffice to establish more 
generally that K,(F) need not be a direct sum of cyclic groups. Let ker 1, 
denote the wild kernel of K,(F). (For an explanation of the terminology, 
see [ 121.) This is a finite subgroup of K,(F), and Tate has shown that 
ker I. c (K,(F)))’ for any s not divisible by 8 [ 1, Theorem 9, Corollary]. 
(Thanks to Keith Dennis for bringing this result to my attention, and 
suggesting that it should provide the required counter-examples to the 
splitting of a.) 
If K,(F) is a direct sum of cyclics, then it is clear that there exists a finite 
subgroup A of K,(F) such that ker A c A” for any s as above. Thus, in 
order to get a contradiction, it suffices to find an F for which ker 1. has a 
non-trivial element of odd order, or, equivalently, an F for which ker ,! is 
not a 2-group. A number of examples of real quadratic number fields 
satisfying this condition may be found in [4]. Similarly, if F is a function 
field in one variable over the field F,, then the formula lker II = 
(q - 1 )(q2 - 1) c,( - 1) (cf. [ 123) provides plenty of examples. 
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